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Design of Automatic Landing Systems
Using Mixed H2/H 1 Control

Shyh-Pyng Shue¤ and Ramesh K. Agarwal†

Wichita State University, Wichita, Kansas 67260

Mixed H2 /H 1 control technique is employed to develop controllers for autolanding systems for a commercial
airplane. A linear model of the aircraft in longitudinal motion is established using the appropriate aerodynamic
coef� cients. With the control actuator, tracking errors, and altitude motion, the aircraft is shown to be governed by
an augmentation system along with its � lter model. Two kinds of optimal and robust control requirements, which
need to be satis� ed simultaneously, are designed. One of the requirements is with respect to an optimal trajectory
selection for landing routes. The H2 method is used to minimize a cost function such that the optimal gain for
trajectory optimization can be obtained. The other requirement is with respect to the disturbance attenuation.
The H 1 technique is employed to obtain the necessary formulation for the robust control gain to minimize the
effect of the disturbance on the performance output. An algorithm is developed based on the convex theory for the
mixed H2/H 1 control and � lter gains, which provides a suboptimal solution. A large commercial aircraft (Boeing
747-200) is employed to illustrate the potential of the proposed method. It is shown that the glide slope capture
motion and � are maneuver of the aircraft are accomplished quite well, and the amplitudes of all maneuvers are
within Federal Aviation Administration requirements.

I. Introduction

C ONTROL of an aircraft under dif� cult maneuvers is a prob-
lem of both theoretical and practical interest. Control un-

der one of these dif� cult maneuvers, that of landing, is discussed
and addressed in this paper. Design of automatic landing sys-
tems has been achieved using both robust and optimal control
methods.1¡3

Landing of an aircraft requires two types of motions for com-
mercial airplanes. One of the motions is descending the aircraft
by a steady-state descent angle. This motion is known as the glide
slope capture. The other motion, the � are maneuver before touch-
down, requires the aircraft to raise its nose while landing. Control
of this motion is known as the � are control. Reference 4 provides
a method to control the � are maneuver successfully using the clas-
sical feedback control method. Control of the � are motion has also
been obtained using the H1 technique5 and neural networks.6

In this paper, a mixed H2=H1 control technique is developed
for the design of an automatic landing system for a commercial
aircraft. Two of the best descriptions of the mixed H2=H1 method
are given in Refs. 7 and 8, which show that in the presenceof noise a
multivariable system can be controlled either optimally or robustly.
Several applicationsof the mixed H2=H1 method in different areas
are given in Refs. 9–11.

In the present paper, the glide slope capture and � are maneuver
in landing are controlled by the H2=H1 method along with its ap-
propriate � lters. First, the H2 method is used to minimize a penalty
function based on the desired and actual trajectories of the aircraft
and other variables.It allows the determinationof theoptimal trajec-
tory to be followed by the aircraft. Next, the H1 technique is used
to allow for three types of noise and uncertainties in the system. As
the aircraft enters the � nal approach, the effect of disturbances on
the performanceoutput is minimized. The mixed H2=H1 controller
is obtained by a design algorithmsatisfyingprespeci�ed conditions
and constraints. Using the mixed H2=H1 method allows the air-
craft to � nd the best trajectory even when it is under the in� uence
of uncertainties and disturbances.
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II. Problem Formulation
A. Problem De� nition and Objectives

The goal of this paper is to design a feedback controller such that
an aircraft can be landed in various airport landing environments
and without pilots. The aircraft landingproblemis de� ned in Fig. 1,
which shows the relative position between the airport and the air-
craft. Note that this work is focusedon the commercialaircraft.The
environmentof the airport is presumed to be well known and can be
considered as input information.Three markers—the outer marker,
the middle marker, and the inner marker—from the airport are used
to precisely guide the aircraft landing by instruments.Once the air-
craft passesa marker, a voice signal is heard.These voice signals are
employed as timing systems to start the automatic landing system.
The outer marker indicates the distance to touchdown, de� ned as
Lr , which is about4–7 miles.12 The aircraft is lockedonto the beams
as it passes the outer marker. At middle marker, the aircraft is about
15–20 s from the touchdown point.13 Once the aircraft reaches the
inner marker, the pilot has to make a decision whether the mission
should be completed or aborted. This decision is based on the vis-
ibility of the runway, airspeed, angle of attack, gust effect, and the
information about the position of the aircraft from the tower, etc.

In this work, design of instrumented automatic landing systems
contains two steps. These two steps, which are explained in Fig. 2,
include the glide slopecaptureand the � are maneuverpath.The � rst
design is to have the aircraft follow the desired descending angle
until it reaches the inner marker. The parameters H and Lr are the
vertical and horizontal distances of the aircraft with respect to the
airport from the outer marker, respectively, and H ¿ L r . Note that
the verticaldistanceis relatedto thealtitudeof the local airport.Both
parameters H and Lr are � xed, as long as the altitude of the aircraft
is determined. Reference 12 states that the distance L r depends on
the airport. Usually, this distance is between 4 and 7 miles. The
descending angle of aircraft ¾ , shown in Fig. 2, has to satisfy the
Federal Aviation Administration (FAA) requirement. The FAA13

preferred guidance angle is between 2.5–3 deg. This descending
angle is de� ned as

¾ D tan¡1 H

Lr
D

Hr C h0

Lr

(1)

which is constant and is very small. Therefore, the range of the
suitable relative altitude between the aircraft and the airport can be
determined. The rate of the desired altitude function is given by

Phd D U0 sin.¾ / D U0 H=L r ; Rhd D 0 (2)

from the outermarker to the inner marker.
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Fig. 1 Plot of the relative location between aircraft and airport.

Fig. 2 Detail plot of instrumented automatic landing system.

After the middle marker, the aircraft has about 15–20 s to the
touchdown point.12 The landing checklist should be completed at
this marker. The � are control needs to be used, when the aircraft
reaches the inner marker. Note that the altitude at the inner marker
is between 40 and 80 ft. One of the reasons for changing the original
path to a curve,called the � are path, is to allow the aircraft to raise its
nose and to sink gently onto the runway. Furthermore, on the glide
slope path, the aircraft is descendingat a rate of 10 ft/s or greater. If
the � are path is not used, the aircraft will hit the ground very hard
within 5–10 s. This impact will damage the aircraft and may cause
the aircraft to crash.

In the � are path, shown in Fig. 2, the altitude of the inner marker
on the electronic beam with respect to the airport is known and
de� ned as h0 . We assume that the � are path is an exponential path
de� ned as

h f D h0e¡t=¿ (3)

where ¿ is a constant that dependson the constantdistance Dr from
the glide slope transmitter to touchdown. Therefore,

Ph f D ¡h f =¿; Rh f D ¡Ph f =¿ D h f =¿ 2 (4)

The glide slope capture path starts from level � ight and smoothly
transitions to the desired glide slope angle ¾ . The difference of the

altitude between the aircraft and the outer marker is assumed to be
an initial condition, which determines when the automatic landing
control system should be activated. When the landing approach be-
gins, the vertical acceleration of the aircraft also needs to follow a
prescribed limit. Therefore, the desired � ight path is de� ned as

h D
¾ ¢ .x ¡ L r / C H for the glide slope path capture

¡h0e¡t=¿ for the � are maneuver
(5)

with its rate as

Ph D
¾ ¢ U0 for the glide slope path capture

h0e¡t=¿ =¿ for the � are maneuver
(6)

Equations (5) and (6) of the altitude motion are used to � nd the
desired altitude states for the state equation in a later section.

B. Equation of Motion
Consider a linear model of the longitudinalmotion of the aircraft

as follows:

PVx

U0
D

XVx

mass

Vx

U0
C

XVz

mass
® ¡

g ¢ cos °0

U0
¢ µ

C
X ±e

mass ¢ U0
±e C

X ±T

mass ¢ U0
±T (7)

P® D Z ¤
Vx

.Vx=U0/ C Z¤
Vz

® C Z¤
q U0 q

C Z¤
µ U0 µ C Z¤

±e
U0 ±e (8)

Pq D QMVx ¢ U0 .Vx =U0/ C QMVz ¢ U0 ® C QMqq

C QMµ µ C QM±e ±e C QM±T ±T (9)

Pµ D q (10)
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where

Z ¤
Vx

D
ZVx

.mass ¡ 4/
; Z ¤

Vz
D

ZVz

.mass ¡ 4/

Z ¤
q D

.Zq C mass ¢ U0/

.mass ¡ 4/
; Z ¤

µ D ¡
g ¢ sin °0

.1 ¡ mass=4/

Z¤
±e

D
Z±e

.mass ¡ 4/
; QMVx D

MVx C M PVz
¢ ZVx .mass ¡ 4/

Iyy

QMVz D
MVz C M PVz

¢ ZVz .mass ¡ 4/

Iyy

QMq D
Mq C M PVz ¢ .Zq C mass ¢ U0/=.mass ¡ 4/

Iyy

QMµ D ¡
M PVz ¢ g ¢ sin °0 ¢ U0=.mass ¡ 4/

Iyy

QM±e D
M±e C M PVz

¢ Z ±e .mass ¡ 4/

Iyy

QM±T D
M±T C M PVz ¢ Z±T .mass ¡ 4/

Iyy

and 4 D . Oq ¢ Nc=2U0/ ¢ .CL P® =U0/. The precedingmodel is derivedby
employing the small perturbationmethod to the nonlinear equation
of motion of the aircraft.14¡18 The state variables of the system are
normalized horizontal airspeed Vx=U0 , angle of attack ®, pitch rate
q , and pitch angle µ .

C. Control Actuator
To design the control to be employed by the actuator, the transfer

function between the desired command and the motor motion is
introduced. We assume that the elevator servo is governed by the
following transfer function:

u1[10=.s C 10/] D ±e

where u1 is the desired command for the elevator de� ection an-
gle. For this transfer function, the following differential equation is
obtained for the elevator actuator:

P±e D ¡10±e C 10u1 (11)

Similarly, the throttle servo is assumed to be given, respectively,
by the following transfer function and differential system:

u2
0:2

s C 0:2
D ±T ; P±T D ¡0:2±T C 0:2u2 (12)

where u2 is the desired command for the throttle position.

D. Outputs and Tracking Errors
The � rst performance variable of interest is the normal accelera-

tion,17 which is de� ned as

azc:g:
D PVz ¡ U0q

By de� nition,
Rhc:g: D azc:g:

D PVz ¡ U0q

D Z ¤
Vx

Vx C Z¤
Vz

Vz C Z ¤
q ¡ U0 q C Z ¤

µ ¢ µ C Z¤
±e

±e (13a)

Ph=U0 D Vz=U0 ¡ µ (13b)

The preceding equations can be rewritten as

Phc:g:=U0

Rhc:g:=U0

D 0 1
0 ¡1

hc:g:=U0

Phc:g:=U0
C

0

Z ¤
±e

U0
±e

C
0

Z ¤
Vx

Vx

U0
C

Z¤
Vz

Vz

U0
C

Z¤
q ¡ U0 q

U0
C

Z ¤
µ ¡ U0 ¢ µ

U0

(14)

The preceding subsystem given by Eq. (14) is controllable as long
as the value of Z ¤

±e
is not singular.

To take advantage of the asymptotic properties of the linear
quadratic regulator, the � rst performance output of interest is se-
lected so as to place additional transmission zeros in the control
input:

z0 D C0x C D01±e (15)

Therefore, the quadratic cost function is set up as

J D 1

2

1

0

xT Qx C ±T
e R±e dt (16)

where Q D CT
0 C0, R D DT

01 D01 , and C0 and D01 are the weighting
matrices that are preselected based on the desired emphasis on the
state variables. Note that the off-diagonal term of the cost function
is assumed to be zero.

The second performanceoutput of interest is the acceleration17 at
some point measured by a sensing instrument at a distance lx from
the c.g. given by

azx D PVz ¡ U0q ¡ lx Pq (17)

The reason for selecting this performance output is to allow the
aircraft to be robustly controlled at a certain distance around the
c.g. of the aircraft. This performance output is used for the H1
technique.

When the aircraft is in the � are maneuver, the desired rate of the
� are altitude is

Ph f D h0e
¡t=¿ ¿ D ¡1=¿ ¢ h f (18)

SubtractingEq. (8) from Eq. (13b) results in the error rate of altitude
equation as follows:

P±h D Phc:g: ¡ Ph f D Vz=U0 ¡ µ ¡ 1=¿ ¢ h f (19)

Equations (18) and (19) will be added into the � are control state
equation to ensure that the aircraft is following the desired � are
paths given by Eqs. (5) and (6).

The measured outputs of interestare the airspeed, angle of attack,
pitch rate, climb angle, altitude, de� ection angle of the elevator,and
throttle position. These measured variables are available in all of
the commercial aircraft. Writing these measured variables into the
state variable system results in

y1 D OVx C eVx ; y2 D OVz=U0 C e® ; y3 D Oq C eq

y4 D ° D µ ¡ ® C e° ; y5 D Oh C eh

y6 D O±e C e±e ; y7 D O±T C e±T

where e with various subscripts denotes the measurement errors
due to the measuring instruments. Note that the pitch angle can be
obtained by computing the difference between the climb angle and
the angle of attack.

E. Disturbance Pro� les
Disturbances affecting aircraft motion can be determined by the

small perturbation method.14¡17 This method assumes that gust
terms in longitudinal motion can be incorporated in the following
variables:

u D u C ug ; ® D ® C ®g ; q D q C qg (20)

The disturbance of the pitch angle is indirectly computed from the
pitching rate, and disturbances of the variables hc:g: and Phc:g: are
indirectly obtained from the three variables given in Eq. (20). Fur-
thermore, two command errors are assumed. One is the command
error existing in the elevator. The other is the delay existing in the
throttle input. Therefore, the following two types of noise from
command errors can be established for the system:

±e D ±e C 1e; ±T D ±T .t ¡ ¿/ D ±T .t/ ¡ 0:21T (21)

The small coef� cient for the throttle delay is computed from the
throttle transfer function. The two sets of noise given by Eq. (21)
determine the disturbance matrix in the state equation, which is
described later.
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F. Augmentation System
The mixed H2=H1 design is computed from the two output

performances described in Sec. II.D. Combining Eqs. (7–17) and
adding Eqs. (20) and (21), one obtains the following composite
system for the descending motion:

PX D AX C Bu C Gw; z0 D C0 X C D01u C D02e
(22)

z1 D C1 X C D11u C D12e; y D C2 X C D21u C D22e

where

A D

XVx

mass

X Vz

mass
0

g ¢ cos°0

U0
0 0

X ±e

mass ¢ U0

X±T

mass ¢ U0

Z ¤
Vx

Z ¤
Vz

Z¤
q U0 Z ¤

µ U0 0 0 Z ¤
±e

U0 0

QMVx ¢ U0
QMVz ¢ U0

QMq
QMµ 0 0 QM±e

QM±T

0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0

Z ¤
Vx

Z ¤
Vz

Z¤
q U0 ¡ 1 Z ¤

µ
U0 ¡ 1 0 ¡1 Z ¤

±e
U0 0

0 0 0 0 0 0 ¡10 0

0 0 0 0 0 0 0 ¡0:2

; B D

0 0

0 0

0 0

0 0

0 0

0 0

10 0

0 0:2

C T
0 C0 D diag8 £ 8.q1; q2; : : : ; q8/; DT

01 D01 D diag2 £ 2.r1; r2/; D02 D 0

C1 D Z ¤
µ U0 ¡ lx

QMµ Z ¤
q U0 ¡ U0 ¡ lx

QMq Z ¤
u U0 ¡ lx

QMu Z¤
® U0 ¡ lx

QM® 0 0

D11 D Z ¤
±e

U0 ¡ lx
QM±e ; D12 D 0; D21 D 0; D2;2 D I7 £ 7

G D

XVx

mass

XVz

mass
0

X ±e

mass ¢ U0

¡0:2X ±T

mass ¢ U0

Z¤
Vx

Z ¤
Vz

Z ¤
q U0 Z ¤

±e
U0 0

QMVx ¢ U0
QMVz ¢ U0

QMq
QM±e ¡0:2 QM±T

0 0 0 0 0

0 0 0 0 0

Z¤
Vx

Z ¤
Vz

Z ¤
q U0 ¡ 1 Z ¤

±e
U0 0

0 0 0 1 0

0 0 0 0 ¡0:2

; C2 D

U0 0 0 0 0 0 0 0

0 1=U0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 ¡1 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

Note that the state variables,control inputs, disturbances,and errors
are given by

x T D [Vx =U0 ® q µ h=U0
Ph=U0 ±e ±T ]

uT D [u1 u2]; wT D [ug ®g qg 1e 1T ]

eT D eVx e® eq e° eh e±e e±T

The system disturbances and the measured errors are assumed to
be independent (noncoupled). Therefore, the transfer function of
the composite system for the glide slope capture can be written as
follows:

F1.s/ D

A B [G 0]

C0 D01 [0 D02]

C1 D11 [0 D12]

C2 D21 [0 D22]

(23)

Note that the following conditions are true for any values of the
aerodynamic coef� cients used in Eqs. (7–10): 1) A, B , and G are
controllable; 2) A, C0, C1 , and C2 are observable; 3) DT

10 D01 D
R0 > 0 and DT

01 D02 D 0; 4) DT
11 D11 D R1 > 0 and DT

11 D12 D 0;
and 5) DT

22 D22 D R2 > 0 and DT
21 D22 D 0. Conditions1 and 2 imply

that the system has feasible solutions.Constraints 3–5 indicate that
the system has no cross terms between the control and the noise

variables. These two sets of conditions allow the problem to be
admissible using the mixed H2=H1 technique.

The difference between the � are control system and the steady-
state descending model is that the � are system has two more equa-
tions in the state equation.These equationsare de� ned based on the
differencebetween the desired � are path and the actual � ight path as
given by Eqs. (18) and (19). The reason for adding these equations
into the state equationis to ensurethat theaircraftfollowsthedesired
path to touchdown point. Therefore, the new state variablesbecome

Px D [Vx =U0 ® q µ hc:g:=U0
Phc:g:=U0 ±e ±T h f ±h ]

Note that the following diagonal weighting matrix in the cost func-
tion is used for the � are control:

C T
0 C0 D diag10 £ 10.q1; q2; : : : ; q10/

where the weightingfor the altitude errorq10 is higher than the other
weighting coef� cients. The rest of the equations used in the � are
control are the same. However, the state space form of these equa-
tions is differentbecause of different state variables.For the sake of
brevity, these state space equations are omitted here.

G. Filter System
Based on the controlinput and the measuredoutput, the following

� lter system is used to estimate the state variables:

POX D A OX C Bu C Ld.C2
OX ¡ y/ (24)

The preceding� lter systemprovidesthe statevectorfor the feedback
controllaw. The interestreferencecommandsare also obtainedfrom
the � lter states with a weighting matrix that is used to emphasize
the importance of the reference commands. The � lter gain Ld is
generated based on the control gain Kd . The method of � nding the
preceding � lter gain is presented in the next section.
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H. Command Generator
Because the landing maneuver includes two paths, the trajectory

tracking method is de� ned differently for these two paths. When
the system is in the steady-state descend, the trajectory tracking is
basedon the steady-staterateof altitude PH . Therefore,theweighting
coef� cient for the command generator is higher for this variable.
When the system is in the � are maneuver, the trackingerror is based
on the altitude.The error between the desired altitude and the actual
altitude is de� ned as

±h D hc:g: ¡ h f

Note that when landing an aircraft, one is concerned with not only
the precise altitudebut also the desired referenceairspeedas well as
the angle of attack and pitching angle. Usually, when an aircraft is
landing, the airspeed is very close to the critical airspeed called the
stall speed. Therefore, in this project, the airspeed is also employed
as a reference signal. If the steady-state airspeed is within §10 ft/s
in both of the maneuvers, the mission is allowed to continue; other-
wise the mission is aborted. Similarly, angle of attack and pitching
angle also play a very important role. When the aircraft reaches the
touchdown point, a certain positive angle ’ between the main gear
and the nose of the aircraft is required.For the Boeing 747-200, this
angle ’ is 6 deg (Ref. 19). Therefore, in this work, the following
bounded value for this angle is employed:

’ 2 [4 10] deg

Because the reference commands may be more than three and
the control inputs are only two, a command generator is needed
for transferring the command states into two inputs. This command
generator can be designed based on the aggregation method.20 In
the literature,5;14 the command generator is also called the dynamic
compensator.The aggregationprocedure is a method to transfer the
signals from more inputs to less outputs with acceptable loss in
transmission. Therefore, the following transfer function is used to
transform the command error between the command input and the
reference command into the desired command for the controlled
system:

P» D Ar » C Br er ; ³ D Cr » (25)

where the state matrix Ar is Hurwitz and the eigenvalues of this
matrix are preselected.The command inputs are from the � lter esti-
mated state variablesand referencecommands.The outputvariables
³ are two, which are used as command control inputs for the con-
trolled system.

In this paper, the aerodynamiccoef� cients of the Boeing 747-200
are used to illustrate the proposed design technique. The block di-
agram of the control system is shown in Fig. 3. In this � gure, an
amplitude matrix C is employed that is multiplied by the state vari-
ables such that the command signals and the state variables of in-
terest have the same amplitudes for the command generator. Note
that this amplitudematrix is related to the commandgeneratorgiven
by Eq. (25). The mixed H2=H1 controller and � lter in Fig. 3 are
discussed and analyzed in the next section.

Fig. 3 Block diagram of the control system.

III. Method of Analysis
A. H2 Method

The following system is used for the H2 method to ensure that
the aircraft can follow the desired trajectory:

Px D Ax C Bu C Ge; z0 D C0x C D01u

y D C2x C D22e (26)

The cost function of the preceding system is de� ned as

J D 1

2

1

0

zT
0 z0 dt D 1

2

1

0

xT C T
0 C0x C uT DT

01 D01u dt (27)

The goal of the H2 method is to � nd the static control gain K for an
upperboundused in an algorithmthat is describedin Sec. III.C. This
control gain can be determined from the preceding cost function as

K D ¡ DT
01 D10

¡1
BT P (28)

where P , a symmetric positive semide� nite matrix, is the solution
of the following algebraic Riccati equation:

AT P C P AT C C T
0 C0 ¡ P B DT

01 D01
¡1

BT P D 0 (29)

The H2 � ltering system is de� ned as

POx D A Ox C Bu C Gw C L.y ¡ C2 Ox/ (30)

The objective of designing the preceding � ltering system is to � nd
the � lter gain L that is used as an upper bound for computing the
mixed H2=H1 � lter gain. Assuming that covariances of system
disturbances and measurement are identity matrices, one obtains
the following � lter gain:

L D ¡QC T
2 (31)

where Q, a positive de� nite and symmetric matrix, is the solution
of the algebraic Riccati equation

AQ C Q AT C GGT ¡ QCT
2 C2 Q D 0 (32)

B. H 1 Technique
The sensor acceleration of the aircraft is used as a performance

target for the H1 technique. The state space representation for the
H1 method for this performance is de� ned as

Px D Ax C Bu C Ge; z1 D C1x C D11u C D12e
(33)

y D C2x C D21u C D22e

The H1 � ltering system is given by

PQx D Ax C Bu C Ge C L1.y ¡ C2 Qx/ (34)

From Refs. 7 and 8, it can be shown that the H1 control and � lter
gains K1 and L1 are

K1 D ¡ DT
11 D11

¡1
BT P1 (35)

L1 D ¡Q1C T
2 DT

22 D22
¡1

(36)

where P1 and Q1 are the solutions of the two algebraic Riccati
equations

AT P1 C P1 AT C C T
0 C0

¡ P1 B DT
11 D11

¡1
BT ¡ ° ¡2GGT P1 D 0 (37)

AQ1 C Q1 AT C GGT

¡ Q1 C T
2 C2 ¡ ° ¡2C T

1 C1 Q1 D 0 (38)
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Note that the solutions of the two preceding Riccati equations are
positive de� nite and symmetric and have to satisfy the following
constraint to ensure robustness of the system:

½.P1 Q1/ < ° 2 (39)

C. Mixed H2 /H 1 Algorithm
An algorithmis presented in this subsectionto � nd the best trade-

off between the optimal H2 and the robust H1 control and � lter
gains. The relationship between the H2 and H1 methods is shown
in Fig. 4. In this � gure, the verticalaxis is the norm of the solutionof
the algebraicRiccati equation (29) for the H2 method. The horizon-
tal axis is the norm of the solution of the algebraic Riccati equation
(37) for the H1 synthesis. The tradeoff between the two methods
is to � nd the suitable gains for the mixed H2=H1 controller such

Fig. 4 Relation between the H2 and H 1 methods.

Fig. 5 Three-dimensional plot of the desired and actual aircraft tra-
jectory.

Fig. 6 Time response of the desired and actual altitudes for the steady-state descend.

that the norm of the control gain is located in the desired square
area shown in Fig. 4, where c is a preselected constant. Note that
as long as the solution of an algebraic Riccati equation is located
in the desired area, the control and � lter gains for the aircraft can
retain good performance and avoid the impact of disturbance.

Because the relationship of the H2 and H1 methods is a convex
curve, the bisection method combined with convex theory can be
used to � nd the mixed H2=H1 control and � lter gains. The initial
control gains are computed for a very small prescribed value °
for the H1 synthesis and the regular weighting matrix for the H2

method. These two solutions are consideredas the upper and lower
bounds of the desired control and � lter gains. Unlike the standard
mixed H2=H1 control method, the linear matrix inequality9 is not
used in this paper; instead the convex theory is employed to � nd the
better tradeoff between the two gains. It is known that the Riccati
solutionsplay an important role in feedbackcontrolgains.To reduce
the amplitude of the control input, it is necessary to limit the norm
of the control gain to a speci� ed value. This value is preselectedas
the constant value c shown in Fig. 4.

The procedure of using the bisection method to � nd the best
tradeoffbetween the H2 normand the H1 norm is shown as follows:

1) Determine the H2 norm and H1 norm from the solutions of
the algebraic Riccati equations (29), (32), (37), and (38).

2) Use the followingconvextheoryto obtain thenecessarycontrol
and � lter gains:

OP D P.1 ¡ ·/ C · P1; OQ D Q.1 ¡ ·/ C · Q1 (40)

where 0 < · < 1. In this paper, · D 1
2 is used to � nd the desired

solutions for OP and OQ.
3) The following constraints are used to ensure the feasible solu-

tions:

OP; OQ ¸ 0; OP ¢ OQ < I (41)

4) Replace P1 and Q1 by OP and OQ and repeat steps 2 and 3 until
the following constraints are satis� ed:

° · c1; ¹ · c2 (42)

In this paper, c D c1 D c2 D 5:0 are used to constraint the solution.
The constant value · used in the convex theory need not be 1

2
.

This value can be changed based on the emphasis either on the
disturbanceattenuationor on the trajectory.Also, theconstantvalues
c1 and c2 can be varied with respect to the preceding requirements.
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Fig. 7 Time response of the desired and actual altitudes for the � are maneuver.

Fig. 8 Time response of the perturbation in airspeed for the glide slope capture.

For example, when an aircraft is in a strong wind, the control can be
computedbasedon the emphasison the H1 techniquerather than the
H2 method. In this case, one can select the convex value, · D 0:8,
and the constant values, c1 D 1:25 ¢ c2. Note that these constants
work like the weighting coef� cients and can be adjusted based on
the environment condition.

Using the preceding procedure, the mixed H2=H1 control and
� lter gains can be determined.Because these two gains are obtained
followedby the mixed H2=H1 trajectoryandsatis� ed by the criteria
on the optimal trajectory and robust disturbance attenuation, the
tradeoffbetweenthese two gains is suboptimal.Note that theoptimal
value of the mixed H2=H1 method is not emphasizedhere. As long
as the mixed H2=H1 control and � lter gains satisfy the preselected
requirements, the controlled system will have good performance
and reduced disturbance impact.

D. Landing System Parameters
The following parameters are employed based on the aircraft

maneuvers (level � ight, glide slope capture, and � are maneuver).

Before the aircraft approaches the airport, the aircraft is assumed
to be in the steady-state level � ight. Because the FAA has picked
the aircraft descending angle to be

2:5 deg · ¾ · 3 deg (43)

the level � ight altitude is limited to certain values, which vary for
different airports. For example, in Fig. 2, if the distance of the outer
maker from an airport is

L r D 5 miles D 26,400 ft

then the desiredaltitudesfor the aircraft in level � ightwill be limited
by the following values:

1152:65 ft D tan.2:5 deg/ ¢ 26,400 ft · H

· tan.3 deg/ ¢ 26,400 ft D 1383:57 ft

In fact, the motionof the aircraftmay not be limited to the preceding
values. Slight changes of the altitude from the precedingvalues are
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Fig. 9 Time response of the angle of attack and the pitching angle for the glide slope capture.

Fig. 10 Time response of the pitch rate for the glide slope capture.

also acceptable because the difference between the desired altitude
for the descending angle and the actual altitude can be considered
as an initial condition to be recovered. However, to simplify the
problem, the level � ight is prede� ned.

After level � ight, the maneuver of the aircraft changes to the
steady-statedescend.In this maneuver, the desired landingairspeed
is basedon the currentaircraftweight.This value can be obtainedby
the pilot manual. The difference in the airspeedbetween the desired
landingairspeedand actual airspeed is consideredas the initial con-
dition of the system. Similarly, the climb angle is bounded by

2:5 deg · ¾ D ¡° D ® ¡ µ · 3 deg

The descending altitude rate is between 9 and 12 ft/s. To have the
aircraft follow the glide slope, the following constraints must be
satis� ed:

Condition 1: U0 D Uref § 10 ft/s

Condition 2: ¡5 deg · ®; µ · 5 deg (44)

Condition 3: ¡0:5 deg · 1° · 0:5 deg

where Uref is the desired approach airspeed, and 1° is the change
in the descending angle. Once the aircraft violates the preceding
conditions, the mission is aborted. The reasons for de� ning these
constraints are to avoid the aircraft missing its approach without
notice. It is known that the approach airspeed is very close to the
stall speed. For safety, condition 1 is needed. Condition 2 is used as
a preparation for the � are approach. It is known that the length of
time for the aircraft to � nish the � are maneuver is between 5–10 s.
If the differencesin the angle of attack and pitch angle are too large,
the aircraft will have dif� culty in changing its motion to the � are
maneuver in 10 s. Condition 3 is employed to limit the aircraft de-
scending angle to capture the glide slope.

Once the � ight path of the aircraft satis� es the glide slopecapture
conditions, the aircraft is entering the � are maneuver. The previous
steady-state descending conditions become the initial conditions
for the � are maneuver. These conditions need to be recovered very
quickly. In addition, the � are maneuver requires that the aircraft be
landed at a special landing angle that is bounded as

4 deg · ’ · 10 deg
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to raise its nose. Therefore, the following constraintsare used in the
� are control:

Condition 4: U0 D Uref § 10 ft/s

Condition 5: ¡5 deg · ®; µ · 5 deg (45)

Condition 6: 0 deg · ¡° · 2:5 deg

Note that any deviation from the preceding constraints will require
the aircraft to abort its � nal approach.

IV. Numerical Simulation
Reference 14 provides the general information and aerodynamic

coef� cients for the Boeing747-200as shown in Tables1 and 2. Note
that these coef� cients are based on altitude at sea level and airspeed
of 221 ft/s. Using these coef� cients, the composite system given by
Eq. (22) can be determined. The numerical simulation is used to
illustrate the effectivenessof the proposed method. We consider an
airport at sea level under the following environment:

L r D 5 miles, Dr D 1375 ft

Fig. 11 Time response of the airspeed for the � are maneuver.

Fig. 12 Time response of the angle of attack and the pitch angle for the � are maneuver.

The aircraftis at an altitudeof H D 1380 ft. This altitudeis precalcu-
lated for the descending angle of 3 deg. Furthermore, the following
altitudes are also speci� ed:

h0 D 50 ft; hg D 12 ft

where hg is the altitude from the tire of the landing gear to the c.g.
of the aircraft. The aircraft is assumed to have the following initial
conditions:

u D 10 ft/s; µ D 5 deg; ® D 1 deg

Simulation results are shown in Figs. 5–15. Figure 5 is the three-
dimensional plot of the actual and desired automatic landing
trajectories.Note that the solid line is the desiredpath and the dashed
line is the actual path. In this � gure, it is shown that the desired path
and the actual path are almost the same. However, when steady-
state descending is zoomed in, the result is shown in Fig. 6. In this
� gure, the difference between actual and desired paths in the glide
slope capture is shown to converge very fast. Similarly, the � are
control maneuver is shown in Fig. 7, which shows that the aircraft
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Fig. 13 Time response of the pitch rate for the � are maneuver.

Fig. 14 Time response of the rate of the aircraft altitude in the glide slope capture.

closely follows the exponential path to the � nal touch point. The
largest differencebetween the actual and desiredpaths in this � gure
is within 3 ft.

The correspondingmaneuversof the aircraft, i.e., airspeed, angle
of attack, pitch angle, pitch rate, and rate of the aircraft altitude, are
shown in Figs. 8–15. The steady-state descending maneuvers are
shown in Figs. 8–10. In Fig. 8, the airspeed is initially exceeding
the normal airspeed by 10 ft/s. However, the airspeed is recovered
within 20 s. The difference between the normal airspeed and the
actual airspeed is within 1 ft/s for steady-state descending. This
indicates that the aircraft has accurate airspeed to follow the glide
slope. Figure 9 shows the plots of angle of attack and pitch angle.
From this � gure, it is evident that the steady-statedescendingangle
is 3 deg, which can be computed from the climb angle.Furthermore,
the length of time for the aircraft to capture the glide slope is around
4 s. The steady-state pitch rate response is shown in Fig. 10. In this
� gure, it is shown that the pitch rate remains zero except for 4 s,
when the steady-state descending starts.

Figures 11–13 are plots of the � are maneuvers of the aircraft.
Figure 11 is the plot of the airspeed of the aircraft when the � are
maneuver starts. It is seen that the initial airspeed is the airspeed
from the glide slope capture. It is also seen that the airspeed starts
decreasing as required by condition 4. Figure 12 shows the plots of
the angle of attack and the pitch angle. This � gure shows that the
landing angle of the aircraft is reduced gradually. The nose angle
can be shown to be

’ D °0 C ° D 8 deg C 0:25 deg ¡ .¡0:48 deg/ D 8:73 deg

which is within the desired requirement. Finally, the pitch rate of
the � are maneuver is shown in Fig. 13. To avoid the � are maneuver
going out of control, the amplitude of the pitch rate should not be
moved too large. From this � gure, it is evident that the amplitudeof
the pitch rate is not high for this case.

It is also interestingto note the responsesof the rates of the aircraft
altitudein the steady-statedescendand the � are maneuveras shown
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in Figs. 14 and 15. The plot of the steady-state descending rate of
the aircraft altitude is shown in Fig. 14. This descending rate is
expected to reach a constant value of 11.572 ft/s in a very short
time. The � are altitude rate of the aircraft is shown in Fig. 15. In this
� gure, the descending rate decreases when the aircraft is close to
the touchdown point. This implies that the descending angle in the
� are maneuver is within 0–2.5 deg. Therefore, this landing system
satis� es the FAA requirements.

Table 1 General information for
the Boeing 747-200

Parameter Value

W 564,000 lb
Iyy 30.5 ¢ 106 slug ft2

S 5500 ft2

Nc 27.3 ft
½ 0.002389 slug/ft2

°0 8 deg
CL1 1.76
CM1 0
CD1 0.263
CT1 0.263

Table 2 Aerodynamic
coef� cients for the

Boeing 747-200

Coef� cent Value

CL® 5.67
CD® 1.13
Cm® ¡1.45
CL P® 6.7
CD P® 0
Cm P® ¡3:3
CLu ¡0:22
CDu 0
Cmu 0.071
CLq 5.65
CDq 0
Cmq ¡21:4
CL±e 0.36
CL±T

0
Cm ±e ¡1:40
Cm ±T

0
CD±e

0
CD±T

0

Fig. 15 Time response of the rate of the aircraft altitude in the � are maneuver.

V. Concluding Remarks
A mixed H2=H1 methodhas been formulated for controlof auto-

matic landing systems. The landing system is augmentedby aircraft
dynamics, the control actuators,the dynamic � lter system, the feed-
back controller, the command generator, and the reference inputs.
The � rst performance output acceleration of the c.g. of the aircraft
is employed for the H2 method to generate the necessary control
gain. The second performance output sensor acceleration is used
for the H1 technique to minimize the effect of disturbance inputs.
The mixed H2=H1 control gain is obtained by an algorithm em-
ploying the convex theory that satis� es both the robust and optimal
requirements.The � lter system is also included in the design of the
control system. The Boeing 747-200 is employed to illustrate the
potential of the proposed method. It is shown that the performance
of the aircraft in the glide slopecapture as well as in the � are maneu-
ver meets the desired goal using the mixed H2=H1 control design.
Furthermore, the reference airspeeds and the landing angles for the
landing system meet the FAA requirements.
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